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Thermodynamics of a physical model implementing a Maxwell demon
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We present a physical implementation of a Maxwell demon which consists of a conventional
single electron transistor (SET) capacitively coupled to another quantum dot detecting its state.
Altogether, the system is described by stochastic thermodynamics. We identify the regime where
the energetics of the SET is not affected by the detection, but where its coarse-grained entropy
production is shown to contain a new contribution compared to the isolated SET. This additional
contribution can be identified as the information flow generated by the “Maxwell demon” feedback
in an idealized limit.
PACS numbers: 05.70.Ln, 05.40.-a 05.60.Gg,
For more than a century the thermodynamic implica-
tions of various types of “intelligent interventions” (e.g.
feedbacks) on the microscopic degrees of freedom of a sys-
tem have intrigued scientists [1]. A Maxwell demon for
example can be thought of as a hidden idealized mecha-
nism which is able to modify the second law of thermody-
namics (entropy balance) but without modifying the first
law (energy balance). Such a demon would thus be able
to heat a hot reservoir while cooling down a cold reser-
voir without using any additional energy, which clearly
breaks the traditional formulation of the second law of
thermodynamics.
Nowadays, our ability to manipulate small devices has
drastically increased, and what used to be unrealistic
thought experiments have become real experiments [2–
4]. In parallel to that, significant progress in understand-
ing the nonequilibrium thermodynamics of small systems
has been achieved [5–7]. This is particularly true for sys-
tems described by Markovian stochastic dynamics where
a consistent theoretical framework, called stochastic ther-
modynamics, has emerged and has proven very useful to
study fluctuations and efficiencies of systems driven far
from equilibrium [8–10]. Quite naturally, recent studies
have started considering the thermodynamic description
of systems subjected to different types of feedbacks [11–
26].
To understand the thermodynamic behavior of feed-
back controlled systems it is important to include the
information generated or used by the feedback [23, 25].
Nevertheless, every feedback scheme has to be imple-
mented physically and the natural question which arises
– and which has not been answered yet – is under which
circumstances this physical implementation appears as
pure information entering the thermodynamic descrip-
tion. This is the object of the present letter.
Our model consists of two single level quantum dots
interacting capacitively via a Coulomb repulsion U and
additionally coupled to thermal reservoirs as depicted
in Fig. 1. No electrons can be transferred between the
dots. The corresponding system Hamiltonian is given by
H = ǫdc
†
dcd + ǫsc
†
scs + Uc
†
dcdc
†
scs with fermionic oper-
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FIG. 1: (Color online) The shaded region constitutes the de-
mon, the contained dot d couples capacitively to the lower
dot s via Coulomb repulsion U . The latter is placed in a con-
ventional SET-setup, which can be accessed experimentally,
whereas the demon remains hidden. The trajectory (with ini-
tial state ρ = 1 and σ = E) marked by the steps 1− 4, where
an electron is transferred against the bias through the SET,
becomes likely in the Maxwell demon limit. Note that also
the tip of a scanning tunneling microscope could represent the
detector dot d with its reservoir, such that in principle SET
and demon need not share the same substrate.
ators annihilating electrons on the system dot (cs) and
the detecting dot (cd). The dots are weakly coupled to
ideal reservoirs ν ∈ {D,L,R} at temperature Tν = 1/βν
(kB ≡ 1) and chemical potential µν . As shown in Fig. 1,
dot s is coupled to the two reservoirs L and R and consti-
tutes a usual SET, while dot d is coupled to reservoir D.
One can show that dot d with reservoir D can be tuned
to “detect” the state of the SET [27] and will eventu-
ally constitute the Maxwell demon. We denote the four
eigenvectors of the two coupled dots by |ρσ〉 = |ρ〉d⊗|σ〉s
where ρ ∈ {0, 1} and σ ∈ {E,F} denote the states of the
dot d and s, respectively, which are either empty (0 or E)
or filled (1 or F ). For weak dot-reservoir interaction, the
2time evolution of the coupled dots density matrix ρ can
be shown to be governed by a Markovian master equa-
tion ddtρ = Wρ, which simply yields a rate equation for
the probabilities pρσ to be in the eigenstate |ρσ〉. In the
ordered basis (p0E , p1E , p0F , p1F ) the rate matrix reads
W =
(
WEE WEF
WFE WFF
)
≡
∑
ν
W(ν) . (1)
The superscript ν denotes transitions triggered by the
respective reservoir ν ∈ {D,L,R}. The two blocks
WEE =
(
−γD − γL − γR γD
γD −γD − γ
U
L − γ
U
R
)
, (2)
WFF =
(
−γUD − γL − γR γ
U
D
γUD −γ
U
D − γ
U
L − γ
U
R
)
(3)
denote the dynamics of the dot d when dot s is empty or
filled, respectively, while the blocks
WEF =Diag(γL + γR, γ
U
L + γ
U
R) , (4)
WFE =Diag(γL + γR, γ
U
L + γ
U
R ) (5)
denote the transitions between an empty and filled dot s
which can occur when dot d is either empty or filled. The
rates are given by γν ≡ Γνfν , γ
U
ν ≡ Γ
U
ν f
U
ν , γν ≡ Γν(1 −
fν) and γ
U
ν ≡ Γ
U
ν (1− f
U
ν ) with electronic tunneling rates
Γν > 0 and Γ
U
ν > 0 and Fermi functions 0 < fν , f
U
ν < 1
with ν ∈ {D,L,R}. Note that Γν 6= Γ
U
ν requires to go be-
yond the common wide-band approximation. The Fermi
functions are evaluated at the respective transition ener-
gies of the SET dot fL/R ≡ 1/[exp(βL/R(ǫs−µL/R))+1],
fUL/R ≡ 1/[exp(βL/R(ǫs+U−µL/R))+1] and the detector
dot fD ≡ 1/[exp(βD(ǫd−µD))+1], f
U
D ≡ 1/[exp(βD(ǫd+
U −µD))+ 1], respectively. From now on we will assume
βL = βR = β. The present rate equation description
is valid when βνΓ
(U)
ν ≪ 1 but may remain qualitatively
correct even outside this range.
This system is consistently described by stochastic
thermodynamics. At steady state the entropy produc-
tion of the full system reads
S˙i =
∑
ν
∑
ρ,ρ′,σ,σ′
W
(ν)
ρσρ′σ′pρ′σ′ ln
W
(ν)
ρσρ′σ′
W
(ν)
ρ′σ′ρσ
≥ 0 . (6)
It can be rewritten after some algebra as the sum of force-
flux terms associated to matter and energy transfers
S˙i = β(µL − µR)IS + (βD − β)IE ≥ 0, (7)
where IS = γLp0E − γLp0F + γ
U
L p1E − γ
U
Lp1F is the sta-
tionary electronic particle current flowing from reservoir
L to R through the SET and IE = U(γDp0E− γDp1E) is
the energy current entering the reservoirD due to the in-
teraction between dot d and the SET. The matter current
associated to the detector bath D vanishes since there is
no particle exchange between dot d and dot s.
Using usual techniques [6, 28], it is possible to show
that the following fluctuation theorem for the entropy
production is satisfied:
lim
t→∞
p+nS,+nD (t)
p−nS,−nD (t)
= eβ(µL−µR)nS+(βD−β)UnD , (8)
where pnS,nD (t) denotes the probability of having nS
electrons traversing the system from left to right together
with net nD electrons entering dot d at energy ǫd and
leaving it at energy ǫd + U , altogether leading to a net
energy transfer of U ·nD into reservoir D after time t. So
far, our system is thus only a conventional thermoelectric
device in which the thermal gradient may be used to gen-
erate an electronic current through the SET against the
bias. Related models have been considered in [27, 29–32].
We now assume that our experimental setup allows us
to detect electron transfers in the SET (e.g. counting
statistics experiments) but does not provide any infor-
mation about the existence of the demon (i.e., dot d and
reservoir D). The observed SET states σ ∈ {E,F} thus
constitute two coarse-grained “mesostates” with proba-
bilities pσ = p0σ+p1σ, see Fig. 2. Moreover, we denote by
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FIG. 2: (Color online) Visualization of the dynamics in
the full (black arrows) and coarse-grained (red arrows) state
space. The four states are denoted by black squares with
their size being proportional to the occupation probability
near the sought-after limit. The two mesostates of the SET
(E or F ) are composed by the shaded regions. They each
contain two possible states of the detector dot d which are
connected by fast transitions. The red labels denote transi-
tion rates between the two SET mesostates in the error-free
limit (fD → 1, f
U
D → 0 and ΓD/Γ
(U)
α →∞ for α ∈ {L,R}).
Pρ|σ = pρσ/pσ the conditional stationary probability to
find dot d in state ρ if the state of the SET is σ. Each of
these probabilities can be explicitly calculated from the
analytical steady-state solution of Eq. (1). It is straight-
forward to see that the exact coarse-grained dynamics of
3the SET may formally be written as
p˙σ =
∑
σ′
Vσσ′pσ′ (9)
with “rates” Vσσ′ =
∑
ν V
(ν)
σσ′ =
∑
ν
∑
ρρ′ W
(ν)
ρσ,ρ′σ′Pρ′|σ′ .
Fast demon: Since we want dot d and reservoir D to
ultimately constitute a Maxwell demon, we are now going
to assume that the dynamics of the demon is much faster
than the SET dynamics ΓD = Γ
U
D ≫ max{Γ
(U)
L ,Γ
(U)
R }.
As expected, in the extreme case ΓD/max{Γ
(U)
L/R} → ∞,
the conditional probabilities equilibrate instantaneously
with respect to the reservoir D
P0|E →
γD
γD + γD
= 1− fD , P1|E → 1− P0|E ,
P0|F →
γUD
γUD + γ
U
D
= 1− fUD , P1|F → 1− P0|F ,
(10)
such that Eq. (9) becomes an ordinary rate equation.
For finite demon temperatures, there will thus always
be some finite detection “error”, which we quantify by
ǫE ≡ P0|E/P1|E and ǫF ≡ P1|F/P0|F . For instance, when
ǫd = µD − U/2, these errors will be given by ǫE = ǫF =
exp(−βDU/2).
The entropy production corresponding to the coarse-
grained SET dynamics is
S˙∗i =
∑
ν,σ,σ′
V
(ν)
σσ′ pσ′ ln
V
(ν)
σσ′
V
(ν)
σ′σ
= A∗SIS ≥ 0 (11)
with an effective affinity
A∗S = ln
[(
γDγL + γDγ
U
L
) (
γUDγR + γ
U
Dγ
U
R
)(
γUDγL + γ
U
Dγ
U
L
) (
γDγR + γDγ
U
R
)
]
. (12)
This coarse-grained entropy production always under-
evaluates the full entropy production: ∆S˙i ≡ S˙i − S˙
∗
i ≥
0 [33]. Furthermore, it implies an effective fluctuation
theorem for the particle counting statistics of the SET
(e.g. see [32])
lim
t→∞
p+nS (t)
p−nS(t)
= eA
∗
S
nS , (13)
where pnS (t) is the probability of having nS electrons
transferred from left to right after time t. This demon-
strates that the coarse-grained entropy production (11)
is a meaningful and measurable quantity characterizing
the SET in the fast-demon limit. Since the entropy pro-
duction of an isolated SET is S˙SETi = β(µL − µR)IS , the
coarse-grained entropy production can be written as
S˙∗i = S˙
SET
i + IF . (14)
In ignorance of the physical nature of the demon which
has been traced out, IF must be interpreted as an infor-
mation current between demon and system which modi-
fies the second law of the SET.
Fast and Precise demon: Since the demon also needs
to be able to reliably discriminate between the two states
of the SET, we put ǫd = µD − U/2 and further as-
sume that βDU ≫ 1, which implies γD, γ
U
D → 0 and
γD, γ
U
D → ΓD. As a result the two dots become per-
fectly correlated, meaning that when the SET gets filled
up (resp. emptied) the detecting dot gets emptied (resp.
filled up) immediately after. The steady state then reads
p1E = (γL + γR)/(γL + γR + γ
U
L + γ
U
R ), p0F = 1 − p1E ,
p0E = p1F = 0 and the effective affinity (12) becomes
A∗S = ln
[
fL(1 − fR)
(1− fL)fR
fUL fR
fLfUR
ΓULΓR
ΓLΓUR
]
. (15)
As a result the information current reads
IF = ln
[
fUL fR
fLfUR
ΓULΓR
ΓLΓUR
]
IS . (16)
We note however, that this demon is not yet a true
Maxwell demon because it is effectively extracting en-
ergy from the SET at a rate
IE = U
(γL + γR)(γ
U
L + γ
U
R )
γL + γR + γ
U
L + γ
U
R
, (17)
and is thus creating an imbalance of order U between
the energy currents at the left and right interface of the
SET: IE = −I
(L)
E −I
(R)
E . We note that the right hand side
of (17) equals U/2 times the activity current in the SET
which measures the total number of electron jumps in and
out of the SET. This is due to the fact that each change in
the mesostates (E ↔ F ) instantaneously induces a jump
in dot d (1 ↔ 0) and in the error-free limit no other
contribution arises. Finally, since IE remains finite as
βD → ∞, the total entropy production diverges in that
limit S˙i →∞. This means that the demon generates an
infinite dissipation ∆S˙i →∞ to be able to operate in the
fast and precise limit.
Maxwell demon: In order to obtain a true Maxwell de-
mon, we further need to assume that the temperatures
of the left and right reservoirs are sufficiently large com-
pared to the capacitive interaction U such that βU → 0.
In this limit, the energetics of the SET is not affected
anymore by the demon since the Fermi functions evalu-
ated at the different energies become equal:
lim
βU→0
fUν = fν , ν ∈ {L,R} . (18)
The energy imbalance IE then can be made arbitrarily
small in comparison to the SET energy currents since
their ratio is of order U/ǫs.
The bare rates Γ
(U)
ν however could and – to obtain any
nontrivial effect – should depend on the energy levels
of the dots. As a result, the information current (16)
becomes
IF = (δL − δR)IS , (19)
4where we introduced the feedback parameters δν =
ln
[
ΓUν /Γν
]
with ν ∈ {L,R}. Remarkably, the coarse-
grained rate matrix (9) describing the effective SET dy-
namics now satisfies the modified local detailed balance
condition
ln
V
(ν)
FE
V
(ν)
EF
= −βν(ǫs − µν) + δν , ν ∈ {L,R}. (20)
This result is in perfect agreement with the modified lo-
cal detailed balance condition introduced in [25] to de-
scribe Maxwell demon feedbacks within the framework of
stochastic thermodynamics. Alternatively, such a modi-
fication of local detailed balance may be generated using
a fast feedback control loop [34]. Now, when δL ≪ 0
and/or δR ≫ 0, a trajectory as shown in Fig. 1 be-
comes highly probable. Naturally, even without the
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FIG. 3: (Color online) The coarse-grained entropy produc-
tion S˙∗i as a function of the SET bias βV in the fast demon
limit (solid brown curves) differs from the unperturbed SET
case (dashed magenta) in nonequilibrium and moves toward
the ideal Maxwell demon limit (dashed green) as the temper-
ature of the detector bath (and correspondingly the error of
the demon) is lowered (βD = 1β, 200β, 800β with increasing
thickness, solid arrow). The total entropy production always
exceeds the coarse-grained one for similar parameters (e.g.
dash-dotted blue vs. bold-solid brown for βD = 800). Dot-
ted blue curves demonstrate the rapid convergence of the full
entropy production to the fast demon limit when ΓD ≫ Γ
(dotted arrow). The SET (solid) and demon (dotted) energy
current in the inset (for ΓD = 100Γ and βD = 800β) demon-
strate that the relative modification of the SET’s first law is of
order U/ǫs, which can be made arbitrarily small in compari-
son to the SET energy currents nearly everywhere. Other pa-
rameters were chosen as ΓL = Γ
U
R = e
+δΓ, ΓUL = ΓR = e
−δΓ
with δ = ln 2, βL = βR = β, µL = ǫs + V/2, µR = ǫs − V/2,
βǫs = 1, βU = 0.01.
strict mathematical limits that we discussed, we demon-
strate in Fig. 3 that the coarse-grained entropy produc-
tion S˙∗i approaches the ideal Maxwell demon from [25].
Furthermore, the inset demonstrates that for ǫs ≫ U ,
the modification of the first law for an isolated SET
I
(L)
E + I
(R)
E = −IE ≈ 0 is negligible.
We note that even the strict Maxwell demon limit is
well-described by our model, as all the required inequal-
ities can be simultaneously fulfilled: βνΓ
(U)
ν ≪ 1 (weak
coupling), Γ
(U)
D /Γ
(U)
L/R ≫ 1 (fast measurement), βDU ≫ 1
(precise measurement), βL/RU ≪ 1 (neglect of back-
action), and U/ǫs ≪ 1 (preservation of SET energy cur-
rents). For example, the curves with finite ΓD in Fig. 3
only require a sufficiently small base tunneling rate Γ.
We now turn to the interpretation of our results. We
have seen that the true entropy production of the sys-
tem and the detector, S˙i (7), diverges when the detector
performs a perfect feedback (i.e., infinitely fast and pre-
cise) on the system. This is conceptually very important,
but of low practical interest to assess how effective is the
feedback in generating gains at the system level. To do
so one has to simply discard the demon dissipation and
focus on the coarse-grained entropy production S˙∗i (14)
which characterizes the entropy production of the system
subjected to the information current IF generated by the
feedback. Using this entropy production one can study
the thermodynamic efficiency with which a negative in-
formation current can be used to generate various pro-
cesses on the system (e.g. to transport electrons against
the bias or to cool a cold reservoir). In contrast, the
efficiencies of the thermoelectric device as a whole may
be drastically lower, since in that case the total entropy
production S˙i should be considered.
Conclusion To the best of our knowledge, this letter es-
tablishes for the first time the precise connection between
the complete thermodynamic description of a Maxwell
demon model and the system it is acting on. In partic-
ular, we have identified the effective level of description
of the system where the demon manifests itself solely
through an information flow modifying the second law.
Furthermore, by showing that the effective entropy pro-
duction is only a piece of the total entropy production
of the joined system, we provide a rigorous support for
the generic claim that a system subjected to a “Maxwell
demon” is an idealization which neglects the dissipation
associated to the implementation of the demon mecha-
nism.
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